Even continuity and topological equicontinuity in topologized semigroups  by Corbacho, Eusebio et al.
Topology and its Applications 156 (2009) 1289–1297Contents lists available at ScienceDirect
Topology and its Applications
www.elsevier.com/locate/topol
Even continuity and topological equicontinuity in topologized semigroups
Eusebio Corbacho a, Vaja Tarieladze b,∗, Ricardo Vidal a
a Departamento de Matematica Aplicada I, E.T.S.E. de Telecomunicacion, Universidad de Vigo, Vigo, Spain
b Niko Muskhelishvili Institute of Computational Mathematics, Tbilisi-0171, Georgia
a r t i c l e i n f o a b s t r a c t
Article history:
Received 29 July 2007
Received in revised form 12 November 2008
Dedicated to the memory of Jan Pelant
MSC:
primary 54C35
secondary 54E15
Keywords:
Even continuity
Topological equicontinuity
Semitopological semigroup
Paratopological group
A topologized semigroup X having an evenly continuous resp., topologically equicontinu-
ous, family RX of right translations is investigated. It is shown that: (1) every left semi-
topological semigroup X with an evenly continuous family RX is a topological semigroup,
(2) a semitopological group X is a paratopological group if and only if the family RX is
evenly continuous and (3) a semitopological group X is a topological group if and only if
the family RX is topologically equicontinuous. In particular, we get that for any paratopo-
logical group X which is not a topological group, the family RX provides an example of
a transitive group of homeomorphisms of X that is evenly continuous and not topologically
equicontinuous. The last conclusion answers negatively a question posed by H.L. Royden.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
A notion of evenly continuous family of mappings between topological spaces ﬁrst appeared in [34, Chapter 7]. In terms
of even continuity it is possible to obtain the Ascoli’s type compactness criterion in the compact-open topology for the sets
of continuous mappings between a k-space X and a regular topological space Y [34, Theorem 7.21], [24, Theorem 3.4.20].
The even continuity has been studied from many different points of view (cf. e.g., [8,33,39,42,54]). A notion of a topologically
equicontinuous family of mappings between topological spaces was introduced in [50, Chapter 14], where it is demonstrated
that this concept can be successfully used for the proof of the existence of transitively invariant regular measures in locally
compact spaces. It seems that only in [22] a further study of topological equicontinuity was made subsequently.
We give some applications of these notions to topologized groupoids, semigroups and groups. It turns out that any left
semitopological groupoid with evenly continuous family of right translations is a topological groupoid (Proposition 4.2).
A converse to Proposition 4.2 for a certain class of topological semigroups is also obtained (Proposition 4.5). From these
statements we get that a semitopological group is a paratopological group if and only if it has the evenly continuous fam-
ily RX of right translations (Theorem 5.2). The usage of topological equicontinuity permitted us to give the following
characterization of topological groups: a semitopological group X is a topological group if and only if it has the topologically
equicontinuous family RX of right translations (Theorem 6.3). From obtained statements we can conclude that an evenly
continuous transitive group of homeomorphisms of a (ﬁrst countable, hereditarily Lindelöf, Baire) Tychonoff topological space
may not be topologically equicontinuous. In this way we provide a negative answer to Royden’s question (see Remark 6.5(2)).
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statement, which may have an independent interest: a separately continuous function of two variables having an evenly
continuous family of horizontal sections is jointly continuous (Proposition 3.2). Section 4 deals with topologized groupoids
and semigroups with evenly continuous translations. Sections 5 and 6 are devoted to characterizations of paratopological
and topological groups based on even continuity and topological equicontinuity of translations.
2. Basic deﬁnitions
Let X , Y be sets, I a non-empty index set and F := ( f i)i∈I a family of mappings from X to Y . For x ∈ X , A ⊂ X and
W ⊂ Y , we write:
F(x,W ) := { j ∈ I ∣∣ f j(x) ∈ W
}
, F(A,W ) := { j ∈ I ∣∣ f j(A) ⊂ W
}
,
F (A,W ) := { j ∈ I ∣∣ f j(A) ∩ W = ∅
}
.
Note that F(x,W ) = F({x},W ) = F ({x},W ) and if x ∈ A then F(x,W ) ⊂ F (A,W ).
For a topological space (X, τ ) we denote by Nτ (x) the collection of all neighbourhoods of a point x ∈ X .
For topological spaces X , Y , as usual, C(X, Y ) will stand for the set of all continuous mappings f : X → Y .
A family F := ( f i)i∈I of mappings from a topological space (X, τ ) to a topological space (Y , η) will be called:
(ec1) evenly continuous at x0 ∈ X and y0 ∈ Y if for every B ∈ Nη(y0) there are A ∈ Nτ (x0) and W ∈ Nη(y0) such that
F(x0,W ) ⊂ F(A, B);
(ec2) evenly continuous at x0 ∈ X if F is evenly continuous at x0 and y for each y ∈ Y ;
(ec3) evenly continuous if for every x ∈ X we have that F is evenly continuous at x.
Moreover, F is called:
(te1) topologically equicontinuous at x0 ∈ X and y0 ∈ Y if for every B ∈ Nη(y0) there are A ∈ Nτ (x0) and W ∈ Nη(y0) such
that F (A,W ) ⊂ F(A, B);
(te2) topologically equicontinuous at x0 ∈ X if F is topologically equicontinuous at x0 and y for each y ∈ Y ;
(te3) topologically equicontinuous if for every x ∈ X we have that F is topologically equicontinuous at x.
Let us recall also the usual notions of equicontinuity and uniform equicontinuity.
If (X, τ ) is a topological space and (Y ,V) is a uniform space (or a quasi-uniform space), then F is called:
(eq1) equicontinuous at x0 ∈ X if ∀V ∈ V , ∃A ∈ Nτ (x0) such that
(
f i(x0), f i(a)
) ∈ V , ∀a ∈ A, ∀i ∈ I;
(eq2) equicontinuous if F is equicontinuous at every x ∈ X .
If (X,U) and (Y ,V) are both uniform spaces (or quasi-uniform spaces), then F is called:
(ueq) uniformly equicontinuous if ∀V ∈ V , ∃U ∈ U such that
(
f i(x1), f i(x2)
) ∈ V , ∀(x1, x2) ∈ U , ∀i ∈ I.
The notion of even continuity, resp., topological equicontinuity is taken from [34, p. 235], resp., from [50, p. 362].
Remark 2.1. (1) It is not hard to see that:
F topologically equicontinuous ⇒ F evenly continuous ⇒ F ⊂ C(X, Y ).
We have also F ⊂ C(X, Y ) ﬁnite ⇒ F evenly continuous. The implication
F ⊂ C(X, Y ) ﬁnite ⇒ F topologically equicontinuous
also is true when Y is either a Hausdorff or a regular topological space, but it is not true in general (see [22, Remark 2.6]).
(2) If Y is a uniform space and F is equicontinuous at x0 ∈ X , then F is topologically equicontinuous at x0 [50, Chap-
ter 14, Problem 6 (p. 365)] (cf. [34, Theorem 7.22]).
(3) It can be shown that an analogue of (2) remains true when Y is a locally symmetric quasi-uniform space (see
[22, Proposition 3.5] for a proof of this result and related counter-examples).
(4) If Y is a uniform space, F is evenly continuous at x0 ∈ X and the set F(x0) := { f i(x0) | i ∈ I} has a compact closure,
then F is equicontinuous at x0 (see [34, Theorem 7.23]; cf. [50, Chapter 14, Problem 5c (p. 365)]).
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(tr) transitive if for each (x1, x2) ∈ X × X there is a mapping g ∈ G with g(x1) = x2;
(se) a semigroup if f , g ∈ G ⇒ g ◦ f ∈ G;
(gr) a group if G consists of bijections and f , g ∈ G ⇒ g−1 ◦ f ∈ G .
Next statement shows that the global even continuity or topological equicontinuity of a transitive group can be veriﬁed
locally.
Lemma 2.2. Let G be a transitive group of homeomorphisms of a topological space X.
(a) If G is topologically equicontinuous at some x0 and y0 , then G is topologically equicontinuous.
(b) If G is evenly continuous at some x0 and y0 , then G is evenly continuous.
Proof. (a) See [50, Proposition 14.3 (p. 363)]; the proof of (b) is similar. 
3. Continuity and equicontinuity of sections
Let X , Y , Z be non-empty sets and f : X × Y → Z be a mapping.
For a ﬁxed x ∈ X a mapping fx,· : Y → Z given by fx,·(y) = f (x, y), ∀y ∈ Y , is called a vertical section of f (at x). Similarly,
for a ﬁxed y ∈ Y a mapping f ·,y : X → Z given by f ·,y(x) = f (x, y), ∀x ∈ X , is called a horizontal section of f (at y).
Therefore, to every f : X × Y → Z are associated the two families of mappings
( f ·,y)y∈Y and ( fx,·)x∈X .
We recall that if (X, τ ), (Y , η), (Z , ζ ) are topological spaces, then a mapping f : X × Y → Z is
(jc1) (jointly) continuous at p = (a,b) ∈ X × Y if and only if ∀D ∈ Nζ ( f (p)) there are A ∈ Nτ (a) and B ∈ Nη(b) with
f (A × B) ⊂ D;
(jc2) (jointly) continuous if f is continuous at every p = (a,b) ∈ X × Y ;
(sc1) separately continuous at p = (a,b) ∈ X × Y if and only if f ·,b : X → Z is continuous at a ∈ X and the mapping
fa,· : Y → Z is continuous at b ∈ Y .
Equivalently, f is separately continuous at p = (a,b) ∈ X × Y iff ∀D ∈ Nζ ( f (p)) there are A ∈ Nτ (a) and B ∈ Nη(b)
with f ·,b(A) ⊂ D and fa,·(B) ⊂ D;
(sc2) separately continuous if for every y ∈ Y the mapping f ·,y : X → Z is continuous on X and for every x ∈ X the mapping
fx,· : Y → Z is continuous on Y .
Remark 3.1. Let X , Y , Z be topological spaces and f : X × Y → Z a separately continuous mapping.
(1) It may happen that X = Y = Z , f is a commutative group operation and {p ∈ X × X: f is continuous at p} = ∅ (see
Remark 6.2).
(2) If X and Y are completely metrizable and Z is pseudometrizable, then there is a dense Gδ set E ⊂ X × Y such that f
is continuous at each p ∈ E (see [50, Chapter 7.8, Problem 41d (pp. 163–164)] or [18]).
(3) If X is either locally compact Hausdorff or completely metrizable, Y is compact Hausdorff and Z a pseudometrizable,
then there is a dense Gδ subset A of X such that f is continuous at each p ∈ A × Y (see [38] or [11, p. 293, Theorem B.1
and p. 297, Theorem B.8]). According to [40] this result for a completely metrizable X , a compact metric Y and Z = R was
already proved in [28, §39].
(4) The pseudometrizability of Z is essential in previous items: even for a compact Hausdorff (non-metrizable) Z
there may exist a separately continuous mapping f : [−1,1] × [−1,1] → Z that has not any point of continuity (see, e.g.,
[11, p. 299, Example B.9]).
(5) For a separately continuous f : [−1,1] × [−1,1] → R it may happen that the set of all continuity points of f is of
Lebesgue measure zero (see [23, p. 15] and [53, §4, pp. 432–433]).
We refer to [17,30,37,40,41] for more information about problems related with the notion of separate continuity.
Proposition 3.2. Let (X, τ ), (Y , η), (Z , ζ ) be topological spaces and (a,b) ∈ X × Y . If for a mapping f : X × Y → Z
(1) the family F = ( f ·,y)y∈Y is evenly continuous at a and f (a,b)
and
(2) the section fa,· : Y → Z is continuous at b,
then f is continuous at (a,b).
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F(a,W ) = {y ∈ Y ∣∣ f ·,y(a) ∈ W
} ⊂ {y ∈ Y ∣∣ f ·,y(A) ⊂ D
} = F(A, D). (3.2.1)
By (2) (as W is a neighbourhood of fa,·(b) = f (a,b)) there is B ∈ Nη(b) such that fa,·(B) ⊂ W . The last inclusion means
that B ⊂ F(a,W ).
So, we can apply (3.2.1) to y ∈ B and get f ·,y(A) ⊂ D , ∀y ∈ B and so, f (A × B) ⊂ D .
Since A × B ∈ Nτ⊗η(a,b), the continuity of f at (a,b) is proved. 
Remark 3.3. In [13, Chapter X, p. 13, Corollaire 3] is proved an analogue of Proposition 3.2 under stronger assumptions
that Z is a uniform space and F = ( f ·,y)y∈Y is equicontinuous at a (cf. also, [13, Chapter X, p. 13, Proposition 2]).
Under the extra assumptions that (Y , η) is a compact space and Z is a uniform space, the following converse to Proposi-
tion 3.2 is true: if a ∈ X is such that for every b ∈ Y the mapping f is continuous at (a,b), then the family F = ( f ·,y)y∈Y
is equicontinuous at a (compare with [51, Lemma 1.1 (p. 47)]). The following statement also can be viewed as a kind of
converse to Proposition 3.2.
Proposition 3.4. Let (X, τ ) be a topological space, a ∈ X and f : X × X → X a mapping satisfying the conditions:
(1) f (a, y) = y for all y ∈ X ;
(2) for every b ∈ X the mapping f is continuous at (a,b).
Then the family F = ( f ·,y)y∈X is evenly continuous at a.
Proof. Fix b ∈ X and let us show that F is evenly continuous at a and b. Take an arbitrary D ∈ Nτ (b). Since f is continuous
at (a,b) and f (a,b) = b ∈ D , there are A ∈ Nτ (a) and W ∈ Nτ (b) such that f (A × W ) ⊂ D . Then F(a,W ) := {y ∈ X |
f ·,y(a) ∈ W } = W ⊂ {y ∈ X | f ·,y(A) ⊂ D} = F(A, D). 
4. Equicontinuity of the family of translations in topologized semigroups
Our algebraic terminology follows [20]. We recall only that a groupoid (or a magma) is a non-empty set X with a binary
operation +, which is not assumed to be neither associative, nor commutative.
For a groupoid (X,+) and a ﬁxed a ∈ X the right translation ra : X → X and the left translation la : X → X are deﬁned
by the equalities ra(x) = x+ a, la(x) = a + x, ∀x ∈ X . We set
RX := (ra)a∈X , LX := (la)a∈X .
Note that if + is associative (i.e., if X is a semigroup), then for every a,b ∈ X we have ra ◦ rb = rb+a and la ◦ lb = la+b .
A groupoid (semigroup, group) X endowed with a topology τ will be called a topologized groupoid (semigroup, group).
A topologized groupoid (semigroup) X is called:
– a topological groupoid (semigroup) if + : X × X → X is continuous;
– a right (resp. left) semitopological groupoid (semigroup) if for each ﬁxed a ∈ X the right translation ra (resp., the left
translation la) is continuous;
– a semitopological groupoid (semigroup) if it is both right and left semitopological groupoid (semigroup).
Remark 4.1. Any topological groupoid is a semitopological groupoid. The converse is not true, a connected compact mertiz-
able semitopological Abelian monoid may not be a topological monoid as the next example will show.
Example. Let R be the set of all real numbers and R∞ := R∪ {∞}. Extend the usual addition of real numbers from R to R∞
by the equalities ∞ + ∞ = ∞ and x+ ∞ = ∞ + x = ∞ for x ∈ R. Consider in R∞ the topology α which is the Alexandrov
compactiﬁcation of the usual topology of R. Then (R∞,+,α) is a compact metrizable semitopological Abelian monoid, for
which + is not (α ⊗ α,α)-continuous at (∞,∞).
In connection with the considered example it is worthwhile to note that there exists in R∞ a Hausdorff topology T
such that (R∞,+,T ) is a topological monoid, ∞ is not isolated in (R∞,T ) and T induces in R the usual topology (see [21], where
topological groups and semigroups admitting a similar adjunction of an absorbing element are studied).
Semitopological and topological groupoids are treated in [2–4,16,19,29,32,46,47]. We refer to [9–11,51,52] for extensive
study of compact semitopological semigroups. Let us mention that any compact Hausdorff semitopological semigroup, for
which every right (or left) translation is a surjective mapping, is in fact a topological semigroup [11, Corollary 1.4.6]. Another sort
of suﬃcient condition for being topological semigroup is contained in the following proposition.
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(a) If X is left semitopological and the family RX of right translations is evenly continuous, then X is a topological groupoid.
(b) If X is right semitopological and the family LX of left translations is evenly continuous, then X is a topological groupoid.
(c) If X is Abelian and the family RX is evenly continuous, then X is a topological groupoid.
Proof. (a) Fix (a,b) ∈ X × X . We need to show that the function (x, y) → f (x, y) := x + y is continuous with respect to
τ ⊗ τ and τ at (a,b). By assumption we have:
(1) the family RX = ( f ·,y)y∈X is evenly continuous at a;
(2) the left translation fa,· = la is continuous at b.
From (1) and (2) according to Proposition 3.2 we get that (x, y) → f (x, y) = x+ y is continuous at (a,b).
(b) follows from (a), applied to the topologized groupoid (X,+′, τ ), where x+′ y := y + x, ∀x, y ∈ X .
(c) follows from (a) (because the even continuity of RX implies that for every x ∈ X the mapping lx = rx : X → X is
continuous (see Remark 2.1(1)); hence, X is left semitopological and (a) applies). 
Remark 4.3. Proposition 4.2(c) may not be true in non-Abelian case: there exists a compact metrizable topologized group X ,
which is not a topological semigroup and which has the equicontinuous family RX (see [51, Examples 4.18, 4.19, pp. 39–40],
or [10, Example 1.5]). It is known that for every compact metrizable right semitopological semigroup X which algebraically
is a group, the set Λ(X) := {a ∈ X | la is continuous} is a compact topological group [11, Corollary 1.4.7].
The following partial converse to Proposition 4.2 is true.
Proposition 4.4. Let (X,+, τ ) be a topologized groupoid having a left neutral element θ .
If for every b ∈ X the operation + is τ ⊗ τ -continuous at (θ,b), then the family RX = (ry)y∈X is evenly continuous at θ .
Proof. This follows from Proposition 3.4 applied to the function (x, y) → f (x, y) := x + y and to the family (ry)y∈X =
( f ·,y)y∈X . 
A mapping f : X → Y between topological spaces (X, τ ) and (Y , η) will be called open at x ∈ X if A ∈ Nτ (x) ⇒
f (A) ∈ Nη( f (x)).
The following proposition contains an another sort of converse to Proposition 4.2 in case when associativity is assumed.
Proposition 4.5. Let X be a topologized semigroup having the neutral element θ .
(a′) If for every y ∈ X themapping ry : X → X is continuous and open at θ , then for every y ∈ X themapping ry : X → X is continuous
everywhere on X.
(a) If + is continuous at (θ, θ) and for every y ∈ X the mapping ry : X → X is continuous and open at θ , then the family RX =
(ry)y∈X is evenly continuous.
(b′) If for every x ∈ X the mapping lx : X → X is continuous and open at θ , then for every x ∈ X the mapping lx : X → X is continuous
everywhere on X.
(b) If + is continuous at (θ, θ) and for every x ∈ X the mapping lx : X → X is continuous and open at θ , then the family LX = (lx)x∈X
is evenly continuous.
Proof. (a′) Fix x0, y ∈ X and let us show that ry is continuous at x0. Take B ∈ Nτ (x0 + y). Since rx0+y is continuous at θ , for
some B0 ∈ Nτ (θ) we have that rx0+y(B0) = B0+ (x0+ y) ⊂ B . Denote A = B0+x0. Since rx0 is open at θ , we get: A ∈ Nτ (x0).
Then, using associativity of +, we obtain:
ry(A) = ry(B0 + x0) = (B0 + x0) + y = B0 + (x0 + y) ⊂ B.
Hence, ry is continuous at x0.
(a) Fix x0, y0 ∈ X and let us show that the family RX is evenly continuous at x0 and y0.
Take B ∈ Nτ (y0). Since ry0 is continuous at θ , for some B0 ∈ Nτ (θ) we have that ry0(B0) = B0 + y0 ⊂ B .
Since + is continuous at (θ, θ), for some A0 ∈ Nτ (θ) we have A0 + A0 ⊂ B0.
Denote A = A0 + x0 and W = A0 + y0. Since rx0 and ry0 are open at θ , we get: A ∈ Nτ (x0) and W ∈ Nτ (y0).
Let y ∈ RX (x0,W ), i.e., ry(x0) = x0 + y ∈ W . Then, using associativity of +, we obtain:
ry(A) = ry(A0 + x0) = (A0 + x0) + y = A0 + (x0 + y) ⊂ A0 + W = A0 + (A0 + y0) = (A0 + A0) + y0 ⊂ B0 + y0 ⊂ B.
Consequently, RX (x0,W ) ⊂ RX (A, B) and RX is evenly continuous at x0 and y0.
Proofs of (b′) and (b) are similar. 
1294 E. Corbacho et al. / Topology and its Applications 156 (2009) 1289–1297Remark 4.6. In Proposition 4.5(a) the condition “for every y ∈ X the mapping ry : X → X is continuous and open at θ”, cannot
be replaced by the condition: “for every ﬁxed y ∈ X the mapping ry : X → X is continuous at θ”. In fact, let X be the (not
topological) semitopological Abelian monoid from Remark 4.1. Then + is continuous at (0,0) and for every ﬁxed y ∈ X the
translation ry : X → X is continuous everywhere on X , but the family RX = (ry)y∈X is not evenly continuous (otherwise, by
Proposition 4.2(c), X would be a topological semigroup).
Proposition 4.7. Let X be a topologized semigroup having the neutral element θ .
(a) If X is left semitopological, + is continuous at (θ, θ) and for every y ∈ X the mapping ry : X → X is continuous and open at θ ,
then X is a topological semigroup.
(b) If X is right semitopological, + is continuous at (θ, θ) and for every x ∈ X the mapping lx : X → X is continuous and open at θ ,
then X is a topological semigroup.
(c) If X is Abelian, + is continuous at (θ, θ) and for every y ∈ X the mapping ry : X → X is continuous and open at θ , then X is
a topological semigroup.
Proof. (a) follows from Propositions 4.5(a) and 4.2(a). (b) follows from Propositions 4.5(b) and 4.2(b). (c) follows from (a)
(because, since X is Abelian, for y ∈ X we have that l y = ry and so, the continuity of ry implies the continuity of l y ; hence,
X is left semitopological and (a) applies). 
5. A characterization of paratopological groups
For an element x of a group (X,+) the opposite element will be denoted −x, the mapping from X to X which sends x
to −x we denote ι and call the group inversion. The neutral element of the groups under consideration will be denoted θ .
A topologized group X is called:
– a topological group if + : X × X → X is continuous and the group inversion ι : X → X is continuous too;
– a paratopological group if + : X × X → X is continuous (the continuity of ι : X → X is not required);
– a right (resp. left) semitopological group if for each ﬁxed a ∈ X the right translation ra (resp., the left translation la) is
continuous;
– a semitopological group if it is both right and left semitopological group (the continuity of ι : X → X is not required).
It is known that:
• Every Hausdorff locally compact semitopological group is a topological group (Ellis’s theorem).
• Every Tychonoff countably compact semitopological Abelian group is a topological group [35, Theorem 3].
• Every separable pseudocompact semitopological group is a topological group [45, Corollary 1.9(b)].
• In general, not any pseudocompact (even Abelian) semitopological group is a topological group [6, Example 2.4.16].
• Every pseudocompact paratopological group is a topological group [45, Theorem 2.6].
• Every sequentially compact Hausdorff paratopological group is a topological group [12, Theorem 5].
• An analogue of Ellis’s theorem fails for right semitopological groups: there are examples of compact Hausdorff right
semitopological, non-topological, groups (see Remark 4.3; see also [11, Exercise 1.3.40] and [48, Chapter 6, Exercise 10
(p. 133)]).
The theory of paratopological and semitopological groups now is an intensively developing part of topological algebra; we
refer [1,3–7,14,15,25–27,31,36,43–45,49] for more recent results and open questions in this ﬁeld.
We formulate an easy observation.
Lemma 5.1. For a right (left) semitopological group X the set {ra | a ∈ X} ({la | a ∈ X}) under usual composition of mappings forms
a transitive group of homeomorphisms of X .
The next statement gives a characterization of paratopological groups by means of even continuity of translations.
Theorem 5.2. For a topologized group (X,+, τ ) the following statements are equivalent:
(i) X is a paratopological group.
(ii) The families RX = (ra)a∈X and LX = (la)a∈X are evenly continuous.
(iii) X is a left semitopological group such that the family RX = (ra)a∈X is evenly continuous at θ and θ .
(iv) X is a right semitopological group such that the family LX = (la)a∈X is evenly continuous at θ and θ .
Proof. (i) ⇒ (ii) follows from Proposition 4.5 and Lemma 5.1.
(ii) ⇒ (iii) is evident. (iii) ⇒ (i). From (iii) via Lemmas 5.1 and 2.2 we get that the family of all right translations is
evenly continuous everywhere on X . This and Proposition 4.2(a) imply the continuity of +.
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continuous everywhere on X . This and Proposition 4.2(b) imply the continuity of +. 
6. A characterization of topological groups
We need the following known assertion.
Lemma 6.1. Let (X,+, τ ) be a semitopological group.
(a) If + is ( jointly) continuous at some p0 = (x0, y0) ∈ X × X, then X is a paratopological group.
(b) If ι : X → X is continuous at θ , then ι is continuous everywhere on X.
(c) If + is ( jointly) continuous at (θ, θ) and ι : X → X is continuous at θ , then X is a topological group.
Proof. (a) follows from Proposition 4.7(a) and Lemma 5.1.
(b) Fix b ∈ X and B ∈ Nτ (−b). Since and rb is a homeomorphism, B + b ∈ Nτ (θ). Since ι is continuous at θ , for some
A0 ∈ Nτ (θ) we have: −A0 ⊂ B + b. Hence, −(b + A0) ⊂ B . From this, since b + A0 ∈ Nτ (b), we get the continuity of ι at b.
(c) follows from (a) and (b). 
Remark 6.2. Let (X,+, τ ) be a semitopological Abelian group, which is not a paratopological group (see [51, Example 7.5
(p. 89)]). Then from Lemma 6.1(a) we can conclude that {p ∈ X × X: + is continuous at p} = ∅.
Theorem 5.2 characterizes paratopological groups among the topologized groups by means of the even continuity of
translations. The following statement shows that the notion of topological equicontinuity permits to give a similar charac-
terization of topological groups.
Theorem 6.3. For a topologized group X the following statements are equivalent:
(i) X is a topological group.
(ii) The families RX = (ra)a∈X and LX = (la)a∈X are topologically equicontinuous.
(iii) X is a left semitopological group such that the family RX = (ra)a∈X is topologically equicontinuous at θ and θ .
(iv) X is a right semitopological group such that the family LX = (la)a∈X is topologically equicontinuous at θ and θ .
Proof. (i) ⇒ (ii). See [50, Proposition 14.13 (p. 373)].
(ii) ⇒ (iii) is evident.
(iii) ⇒ (i). Take an arbitrary B ∈ Nτ (θ). Since R := (ra)a∈X is topologically equicontinuous at θ and θ , for some
A ∈ Nτ (θ), some W ∈ Nτ (θ) we have R(A,W ) ⊂ R(A, B). Therefore,
R(A,W ) := {a ∈ X ∣∣ ra(A) ∩ W = ∅
} = −A + W ⊂ R(A, B) := {a ∈ X ∣∣ ra(A) ⊂ B
}
.
So, A − A + W ⊂ B . In particular, A + W ⊂ B and −A ⊂ B . Consequently, + is continuous at (θ, θ) and the group inversion
is continuous at θ . Then, by Lemma 6.1(c), we get (i).
(ii) ⇒ (iv) is evident.
(iv) ⇒ (i). Apply already proved implication (iii) ⇒ (i) to topologized group (X,+′, τ ), where x +′ y := y + x,
∀x, y ∈ X . 
To make easier further references, we formulate separately the following consequence of Theorems 5.2 and 6.3.
Proposition 6.4. Let X be a paratopological group. Then:
(1) The families RX = (ra)a∈X and LX = (la)a∈X are evenly continuous.
(2) If X is not a topological group, then the family RX = (ra)a∈X (as well as the family LX = (la)a∈X ) is not topologically equicontin-
uous.
Remark 6.5. (1) Let σ be the Sorgenfrey topology in additive real line R. Then (R,+, σ ) is a paratopological Abelian group,
which is not a topological group. It is known that (R, σ ) is a ﬁrst countable, hereditarily Lindelöf, Baire, Tychonoff topological
space.
(2) About relationship between even continuity and topological equicontinuity in [50, p. 364] the following is written:
“One can give examples of families which are evenly continuous and not topologically equicontinuous, but I do not know
whether or not it is possible to have a transitive group of homeomorphisms that is evenly continuous and not topolog-
ically equicontinuous”. Now we can state that such a possibility exists: for the Sorgenfrey line (R, σ ) the set {ra | a ∈ X}
1296 E. Corbacho et al. / Topology and its Applications 156 (2009) 1289–1297presents an example of a transitive group homeomorphisms of the topological space (R, σ ), which is evenly continuous (by
Proposition 6.4(1)), but is not topologically equicontinuous (by (1) and Proposition 6.4(2)).
(3) In view of Ellis’s theorem the following conjecture can be formulated: if X is a Hausdorff locally compact topological
space, then every evenly continuous transitive group of homeomorphisms of X is topologically equicontinuous.
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